This study is concerned with the interaction of six torsional modes in a composite axisymmetric waveguide whose interfaces are sinusoidally corrugated in the axial direction. The modes are interacting when two resonant conditions on the codirectional modes and a Bragg condition occur simultaneously. In light of the weakness of the interface corrugations, the perturbation method of multiple scales is used to derive the mode coupling equations. A novel numerical scheme for two-point boundary-value problems is used to solve the coupled amplitude equations. The power reflection coefficient of a filter section is then calculated for the cases of uniform, tapered, and chirped corrugations. An optimal filter is realized by combining both taper and chirp thus producing a nearly ideal characteristics.
INTRODUCTION
The interaction of modes of elastic waves propagating along a circular wire was observed experimentally by Meit- Mode coupling of elastic waves in a composite rod was first considered by Asfar and Nayfeh, 5 who analyzed torsional waves in a clad rod having a sinusoidally perturbed core-cladding interface. They concluded that the mode coupling could be a desirable feature, if the periodic corrugations are built into the waveguide in an orderly manner and for specified length so as to produce energy transfer from one propagating mode into another. In the present work, the general problem of torsional elastic waves in a clad rod with periodicities at both the interface and the outerface is considered. When dealing with signals at frequencies higher than cutoff of the dominant mode in such a waveguide, the existence of more modes requires a mechanism of coupling in order to design filters or mode couplers. Incorporating multiperiodic corrugations introduces new possibilities for filter applications. This is due to the fact that the multiperiodicity allows more resonant conditions to occur resulting in an intricate interaction picture. The problem is formulated in the format of the method of multiple scales, 6 which is used to analyze the interaction of six propagating modes. Three incident modes and three reflected modes are coupled by both wall corrugations when three simultaneous resonant conditions occur; these are two resonant conditions on the codirectional modes and a Bragg condition. The coupledmode equations together with boundary conditions satisfied by the coupled modes constitute a two-point boundary value problem, which is solved numerically by the fundamental matrix method. 7 The results are utilized for calculating the waveguide frequency response in terms of the power reflection coefficient. By introducing special types of nonuniformities such as amplitude taper and chirped corrugations, the filter characteristics can be modified to enhance certain desirable features. the amplitude and phase modulations due to the wall corrugations. Using the chain rule, we can write the derivatives with respect to z in terms of Z 0 and Z 1 as a a a
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III. SOLUTION OF THE REDUCED PROBLEM
We seek solutions of ( 11 ) and (12) 
IV. SOLUTION OF THE FIRST-ORDER PROBLEM
In the solution of the first-order approximation, one needs to distinguish between resonant and nonresonant cases; the latter case is that of decoupled modes, which is not discussed in this paper. In the resonant case, the modes are coupled and is the subject of this paper. The nearness of the resonances, which are introduced by the periodic interfaces, can be described by introducing the detuning parameters (r 1, (r 2, and % defined according to the following resonant conditions: 8 kp-kq = kwl + etrl ,
kp-ks= kw2 -J-Eo'2 , (40) where Cjj, Cvq, Cvs, Cqv, Csv, and Css,, are given in the Appendix.
V. FILTER DESIGN EXAMPLES
The system of equations (35)- (40) 
The characteristic determinant of the system (41) (det[P]--,•[/]=0
) is a polynomial of the sixth degree whose roots are the eigenvalues of the system. The level of attenuation is higher in the frequency range which has more complex eigenvalues. For filter design, it is necessary that all six eigenvalues be complex in the frequency band around resonance. This requirement has been found difficur to realize when the two periodic corrugations arc placed at separate interfaces with no more than two complex eigenvalues instead of six even when the resonant conditions ( 
